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Abstract 
Moody, P.J., A construction that yields a nonacyclic monotonically normal space, Topology and 
its Applications 44 (1992) 263-269. 
If there exists a monotonically normal space X with a A-linked but not A-centred base, plus 
certain other properties, then there is a nonacyclic monotonically normal space. It is shown that 
X must be hereditarily A-LindelGf and has density >A. Also X cannot be a GO space since it is 
established that any A-linked base for a GO space is A-centred. 
Kqwords: Acyclic monotone normality, h-linked base, A-centred, L-space, GO space, K,,-space. 
AMS (MOS) Subj. Class.: 54C20, 54D15, 54D20, 54FOS. 
Introduction 
The primary purpose of this paper is to construct a possible counterexample to 
the question of whether every monotonically normal space is acyclic monotonically 
normal, or equivalently [8], has W satisfying chain (F).’ The question was first 
asked explicitly in [S], but arises naturally out of results in [ 1,3,4]. A number of 
partial results have been obtained (see [8,9]). In particular it is known that GO 
spaces and elastic (thus stratifiable) spaces are acyclic monotonically normal. The 
construction we use is a generalization of a construction due to van Mill [15]. The 
original construction was applied to a particular space, which existed under the 
continuum hypothesis, and yielded a K,-space (see [12] for the definition) which 
was not a K,-space (see below for the definition) and thus partially answered a 
question of van Douwen [12]. Here, under the assumption of a space with certain 
’ Added in proof: A ZFC counterexample has recently been constructed by M.E. Rudin. 
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properties, we build a monotonically normal space which is not a &space and 
hence not acyclic monotonically normal [8]. The assumption we make is that there 
exists a monotonically normal A-Gower space. 
A A-Gower space, where A is an infinite cardinal, is a space X which has a base 
93 such that 54’ = lJa<* 6Ba where 
(1) any two elements of a3, have nonempty intersection (i.e., CB3, is linked and 
% is A-linked), 
(2) for each a < A, n {fi: B E CB3,} =$4, 
but there do not exist Ce, for (Y <A for which 
(a) 94 =Uach zce,,, 
(b) any finite collection of elements of %‘= has nonempty intersection. 
Thus B is said to be not A-centred. 
Of course this raises the question of whether there is a monotonically normal 
A-Gower space. The remainder of the paper investigates the structure of any such 
space. It turns out that if A = No, then the space is an L-space, with corresponding 
results for other A, and that a A-Gower space cannot be a generalized order (GO) 
space. This is deduced from the following theorem. 
Theorem 3.2. If X is a GO space and 93 is a A-linked base for X, then 53 is A-centred. 
1. Conventions and definitions 
A space is a topological space which satisfies the T,-separation axiom, and if X 
is a space and Y a subset of X then 3 y will denote the subspace topology on Y, 
and Y will denote the closure of Y in X. 
Recall that a space X is said to be monotonically normal [S] if there is an operator 
V( . , * ) which assigns to each x and each open set U containing x an open set 
V(x, U) containing x which satisfies 
(1) V(x, U) E V(x, U’) whenever x E U s U’, and 
(2) V(x, X\(Y)) n WY, X\(x)) = B if .x + Y. 
A space X is said to be acyclic monotonically normal if it has an operator V( *, . ) 
which satisfies (1) and (2) above and in addition, 
(3) n::,j V(x,, X\{x,+,}) = 0 whenever n ~2, x0,. . . , x,-, are distinct and 
x,=x0. 
Finally X is said to be a &space if for every subspace Y of X there is a function 
K from y-V to yx such that 
(1) YAK= U for each UET~, 
(2) K(U)nK(V)=K(Un V) for each U, VETS, and 
(3) K(0) = 8. 
The function K is called a &function. It was shown in [8] that acyclic monotonically 
normal spaces are &-spaces. 
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2. The main theorem 
Theorem 2.1. If X is a monotonically normal A-Gower space, then there is a monotoni- 
cally normal space X+ which contains X as a subspace such that X+ is not a K,,-space. 
Proof. Let 93 be a base for X such that 53 = l-la<,+ B3, where each B3, is linked and 
n {B: B E a,} = 0, but $23 is not A-centred. Clearly we may assume that if 933& is a 
linked subfamily of B containing BO, then %a = B3:, . We may also assume that 
XnA =0. Let X+=XuA, define for each BE% 
B+={~EA: BE~~<,}u B 
and set 93+ = { B+: B E 93} u {{a}: (Y E A}. We shall show that 93+ is a base for a 
topology on X’. 
Since 2B3+ covers X’ it will be sufficient to show that if x E U n V, where x E X+ 
and U, VE 93+, then there is a WE 93+ such that x E W c U n V. So suppose that 
x E U n V where U, VE 93+. If x E A, then x E {x} c U n V and {x} E a+. So suppose 
that x E X. There must exist A, B E 93 for which U = A+ and V = B+. Since x E A n B 
there is a C E 93 such that x E C c A n B. We shall show that x E Ct G A+ n B+. 
Clearly by symmetry it will be sufficient to show that Ct E A’. Suppose that 
(Y E C’n A, hence C E a3,. If (Y & A+, then, by the maximality of B3,, there must 
exist a DE %13, such that An D = 0. However C G A, hence C n D = 0 which is a 
contradiction to B3, being linked. Hence Q E Ai and thus Ct c A+. Therefore B3+ 
is a base for a topology on X+. Since B+ n X = B whenever B E L?3 it is clear that 
the subspace topology on X is the same as the original topology on X. 
We shall now establish that X’ is monotonically normal. First it must be shown 
that Xt is a T,-space. Since X is a T,-space and each element of A is isolated it 
will be sufficient to show that if x E X and (Y E A, then there is an A E 93 such that 
XEA but a&A+. Since n {B: B E LZ13,,} = P, there is a B E 933, for which x rZ B. Thus 
there is an A E 93 such that x E A and An B = 0. Hence A tif CYZI~ since B3, is linked. 
Therefore x E A but (Y E At as required, and thus Xt is a T,-space. Now, let V, ( . , . ) 
be a monotonically normal operator on X. Suppose that x E X+ and that U is an 
open neighbourhood of x in X+. Define 
V(x, U) = 
1 
{x1, if x E A, 
Vx(x, UnX)+n U, if xEX, 
where 0’ is defined to be lJ {B+: BE 53 and B c 0} whenever 0 is open in X 
(observe that this corresponds to the original definition of Ot if 0 E 93). Clearly 
V(x, U) is an open neighbourhood of x and V(x, U,) L V(x, U,) if x E U, c U,, 
since UT c U:. Suppose that x and y are distinct points of X+, we shall show that 
V(x, X’\{y>) and V(y, X’\(x)) are mutually disjoint. 
If x or y is an element of A, x say, then clearly V(x, X’\(y)) n V(y, X’\(x)) = (b 
since V(x, X’\(y)) = {x} and x rZ X’\{x} 2 V(y, X’\(x)). So suppose that x and y 
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both lie in X. If 
then 
V(x, X’\(Y)) n V(Y, X’\{x>) f (d, 
YY(x, X\{_Y))‘n V,(Y, X\{x1)’ # 8. 
However, Vx(x, X\(y)) n Vx(y, X\(x)) = 0. Thus there must exist an cr E A and 
B,, B2 E LB3, such that 
B1 c Vx(x, X\(Y)) and B2 G V,(Y, X\(x)). 
Hence B, n B, = 0 which contradicts the fact that %‘a is linked. Therefore X+ is 
monotonically normal. 
It only remains to be shown that Xt is not a &space. If X+ were a &space, 
then there would exist a &-function K : .Tx + 5Tx+. Define for each a < A 
ce,={BE%: (YEK(B)}. 
Observe that every element of 3 is nonempty since 93 is A-linked. Hence, for each 
B E 93, K(B) is a nonempty open subset of X+ and therefore contains an element 
of A, since A is dense in X+. Thus 9 = U,<, Z,. Observe that each +Ze is centred, 
since if B, , . . . , B,E gee,, then a~(-):=, K(B,) and hence(-):=, B;#@ because K is a 
&,-function. This contradicts the fact that 93 is not A-centred. 0 
We now give some examples of A-Gower spaces. 
Example 2.2 [15]. Let I denote the closed unit interval [0, l] and let Ju be the 
Boolean algebra of all measurable subsets of Z, and let K be the ideal of null sets. 
The quotient algebra A/X is the reduced measure algebra. If M is the Stone space 
of A/N, then it is well known that M is an N,-Gower space. Van Mill has found, 
under CH, a &-space which is a dense subspace of M and also an K,-Gower space 
[15]. The author does not know whether either of these spaces is monotonically 
normal. 
Example 2.3 [ll]. Steprans and Watson have found a number of subspaces of the 
Pixley-Roy space on the irrationals which are K,-Gower spaces. As the Pixley-Roy 
space of a first countable T,-space is always a Moore space [14] these subspaces 
cannot be monotonically normal since if they were, then by [2], they would be 
metrizable, and A-Gower spaces cannot be metrizable. 
The author does not know whether there is a monotonically normal A-Gower 
space. Thus we have the following question. 
Question 2.4. Is there a monotonically normal A-Gower space? 
If the answer to Question 2.4 is yes, then it follows from Theorem 2.1 that there 
does exist a monotonically normal space that is not acyclic monotonically normal. 
But one may then still ask the following question. 
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Question 2.5. Is there an acyclic monotonically normal A-Gower space? 
Our final question is whether the converse of Theorem 2.1 is true. 
Question 2.6. If there is a nonacyclic monotonically normal space, then is there a 
monotonically normal A-Gower space? 
3. Properties of A-Gower spaces 
We begin by recalling a result of van Douwen [ 13, Theorem 2.11, that the density 
of a space with base 6% which is not A-centred is strictly greater than A. Hence if 
X is a A-Gower space, then density(X) > A. In addition it may be easily verified 
that if 9 is a family of pairwise disjoint, open, nonempty subsets of X, then 191 s A, 
i.e., X has the A+-chain condition. Hence, by a result of Ostaszewski [lo], any 
monotonically normal K,-Gower space is hereditarily Lindelof but nonseparable 
(an L-space). It is not known whether such spaces exist in ZFC. Our next theorem 
is an easy generalization of Ostaszewski’s result. 
Recall that a space X is A-Lindelof, where A is an infinite cardinal, if every open 
cover of X has a subcover consisting of at most A elements. 
Theorem 3.1. If X is a monotonically normal space with the A+-chain condition, then 
X is hereditarily A-Lindeliif: 
Proof. As the proof is similar to Ostaszewski’s proof in the case when A = K,, we 
shall only sketch a proof. 
First observe that, since X satisfies the A’-chain condition and is monotonically 
normal, any discrete subspace of X has cardinality GA. Suppose X were not 
hereditarily A-Lindeliif, then X has a subspace Y = {ye: (Y < A+} (ye f y, if (Y # /3) 
such that 
{yp: /3 < a} is open in Y for each (Y < A+. 
If Y0 is the set of isolated points of Y, then 1 Y,I s A, since Y, is a discrete subspace 
of X, and Y,, is dense in Y. 
The space Y is monotonically normal, with operator V'( . , 0) say, and therefore 
regular. Thus for each CY <A+ we may pick a U, open in Y such that 
y,E u,,c U,&{yp:/3sa}. 
Define 0, = V’(y,, U,) and observe that 
((Y<P and O,nOp#Id) + y,~ 19,. (*I 
Since Y,, is dense in Y and has cardinality GA thereisayE Y,,andanAcA+such 
that IAl = A+ and y E 0, for each (Y E A. Without loss of generality we may suppose 
that A=A+. It then follows from (*) that for each (Y < A+, U, = {yB: j3 s a} and 
thus 2 = {y,: a is a successor ordinal} is a discrete set of cardinality A+> A which 
is a contradiction. Therefore X is hereditarily A-LindelSf. 0 
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A well-known example of a monotonically normal, ccc, nonseparable space is a 
Suslin line [7]. Suslin lines exist under 0 [6]. However, as the next theorem 
demonstrates, a A -Gower space cannot be a GO space. This extends a result obtained 
by van Mill [15] for first countable, zero-dimensional GO spaces, which states that 
if the family of all nonempty clopen subsets of such a space is the union of countably 
many linked subfamilies all having empty intersection, then this family is also 
K,-centred. 
Theorem 3.2. Zf X is a GO space and 93 a A-linked base for X, then 93 is h-centred, 
Proof. Suppose that 93 = lJacrh %13, where %a is linked. Every element of 5%’ can be 
written as the disjoint union of open convex components. Define 
% = {Z: Z is a convex component of some B E ?2}. 
Observe that if Z E %‘, then Z is nonempty and open. Hence there exists a B’E 93 for 
which B’s I. Define for each (Y < A 
Since a3, is linked, %e is linked. We shall show that %= is in fact centred. 
Suppose that I,, . . . , Z, are elements of gee,. Define J,,, = n:, Z, for m = 1, . . . , n. 
By a simple inductive argument J, is a convex set. We shall show, by induction on 
m, that .Z, is nonempty. So suppose that J, # 0 where m < n, but that J,,,,, =0. 
Without loss of generality we may assume that 
(XEJ,,,YEZ,+,) =+ x<.Y. 
Recall that for r=l,...,m, Z,nZm+,#@ Pick a y, in ZYnZ,,,+, and define y= 
min{y,: r = 1,. . . , m}. Finally pick an x in J,,,. Since y E Z,,,+r, 
x<yGy, (r=l,...,m). 
However, for r = 1, . . . , m, it is the case that x, yr E Z, and hence y E Z,. Thus 
m+l 
YE n h=Jm+, 
i=l 
which is a contradiction. Therefore, by induction, J,, # 0 and thus ‘%‘e is centred. 
Now define 
C?~~={BE%:~ZE(~,ZEB}. 
Clearly Uach 93; = 53 and each ?3; is centred because %a is. Hence 93 is h- 
centred. 0 
We finish with a brief investigation of whether the other classes of acyclic 
monotonically normal spaces can be A-Gower spaces. First note that clearly any 
A-Lindelijf semistratifiable space has density <A and thus stratifiable spaces cannot 
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be A-Cower spaces. A class of spaces which lies between stratifiable and elastic 
spaces is the class of linearly stratifiable spaces which was introduced by Vaughan 
in [16]. It may be shown that if a space is A-Lindelof and stratifiable over -y, where 
y is an infinite cardinal, then the density of the space is less than or equal to 
max{y, A}. The author has been unable to show that the density of the space is in 
fact less than or equal to A. Thus it may be the case that there exists a space X 
which is stratifiable over an infinite cardinal y and also a A -Cower space, where y > A. 
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